
The List Polynomial

Samuel Desrochers

Work done under the supervision of  

Simon Henry and Phil Scott



Thinking about lists…

1, 5, −1 , 
3, −2, 9 ,
0, 0, 12 ,
−4, −1, 1 ,

…

The set of  lists of  length 3 on 𝑋 = ℤ𝐿(𝑋): finite lists on a set 𝑋

Consider: the set of  lists on 𝑋 of  length 3. 

This is just 𝑋 × 𝑋 × 𝑋.
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1, 5, −1 , 
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−4, −1, 1 ,

…

The set of  lists of  length 3 on 𝑋 = ℤ𝐿(𝑋): finite lists on a set 𝑋

Consider: the set of  lists on 𝑋 of  length 3. 

This is just 𝑋 × 𝑋 × 𝑋.

Therefore: 𝐿 𝑋 = 

𝑛∈ℕ

𝑋𝑛



It’s a polynomial!

𝐿(𝑋): lists on a set 𝑋

𝑋 ↦ 𝐿(𝑋) is a functor Set → Set

It has a particular shape: 𝐿 𝑋 =

It is a polynomial functor.

Let’s generalize!



𝑛∈ℕ

𝑋𝑛

Usual polynomials:

1 + 𝑥2 + 𝑥7

=



𝑖∈𝐼

𝑥𝑎𝑖

for 𝐼 = 1,2,3 , 

𝑎1 = 0, 𝑎2 = 2, 𝑎3 = 7.



List objects in general

In a category with finite products:

• List object 𝐿(𝑋)

• Empty list 1 → 𝐿(𝑋)

• Append operation 𝑋 × 𝐿 𝑋 → 𝐿 𝑋

Inductively define 𝑓 ∶ 𝐴 × 𝐿 𝑋 → 𝐵

• 𝑓 𝑎, ∅ = 𝑔(𝑎)

• 𝑓 𝑎, 𝑥 ∷ ℓ = ℎ 𝑎, 𝑥, ℓ, 𝑓 𝑎



List objects in general

If  a category 𝒞 has finite products, and for each object 𝑋 there is a list object 

𝐿(𝑋), then we can form a functor:

𝐿 ∶ 𝒞 → 𝒞 ∶ 𝑋 ↦ 𝐿(𝑋)

Is this a polynomial functor?



What is a polynomial functor?



Internal language of  slice categories

In a slice category 𝒞/𝐴, an object 

𝑓 ∶ 𝐵 → 𝐴 is thought of  as a 

collection of  sets indexed by 𝐴:

𝐵𝑎 𝑎 ∈ 𝐴

“ 𝐵𝑎 = 𝑓−1(𝑎) ” for “ 𝑎 ∈ 𝐴 ”
𝐴

𝑎1 𝑎2 𝑎3

⋯

⋯

𝐵𝑎1 𝐵𝑎2
𝐵𝑎3

𝐵

𝑓



Adding syntax

In the slice category 𝒞/𝐴

If  𝑓 ∶ 𝐵 → 𝐴 is denoted 𝐵𝑎 𝑎 ∈ 𝐴 , 

how should we interpret the following 

notation?



𝑎∈𝐴

𝐵𝑎

𝐴

𝑎1 𝑎2 𝑎3

⋯

⋯

𝐵𝑎1 𝐵𝑎2
𝐵𝑎3

𝐵

𝑓



Adding syntax

If  𝑓 ∶ 𝐵 → 𝐴 is denoted 𝐵𝑎 𝑎 ∈ 𝐴 , 

how should we interpret the following 

notation?



𝑎∈𝐴

𝐵𝑎 = 𝐵

There is a functor Σ𝐴 ∶ 𝒞/𝐴 → 𝒞 given by 

𝑓 ∶ 𝐵 → 𝐴 ↦ 𝐵

Or: 𝐵𝑎 𝑎 ∈ 𝐴 ↦ Σ𝑎∈𝐴𝐵𝑎 .
In the slice category 𝒞/𝐴

𝐴

𝑎1 𝑎2 𝑎3

⋯

⋯

𝐵𝑎1 𝐵𝑎2
𝐵𝑎3

𝐵

𝑓



Adding syntax

How should we interpret the following notations? What is the corresponding 

𝑓 ∶ 𝐵 → 𝐴?

• 1 𝑎 ∈ 𝐴

• 𝑋 𝑎 ∈ 𝐴

• 𝐶𝑎 × 𝐷𝑎 𝑎 ∈ 𝐴
In the slice category 𝒞/𝐴
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• 𝐼𝑑 ∶ 𝐴 → 𝐴

⋯

𝐴

⋯

𝐴



Adding syntax

How should we interpret the following notations? What is the corresponding 

𝑓 ∶ 𝐵 → 𝐴?

• 1 𝑎 ∈ 𝐴

• 𝑋 𝑎 ∈ 𝐴

• 𝐶𝑎 × 𝐷𝑎 𝑎 ∈ 𝐴
In the slice category 𝒞/𝐴

• 𝐼𝑑 ∶ 𝐴 → 𝐴

• 𝜋2 ∶ 𝑋 × 𝐴 → 𝐴

⋯

𝐴

⋯

𝑋 × 𝐴

𝑋

𝑋

𝑋



Adding syntax

How should we interpret the following notations? What is the corresponding 

𝑓 ∶ 𝐵 → 𝐴?

• 1 𝑎 ∈ 𝐴

• 𝑋 𝑎 ∈ 𝐴

• 𝐶𝑎 × 𝐷𝑎 𝑎 ∈ 𝐴
In the slice category 𝒞/𝐴

• 𝐼𝑑 ∶ 𝐴 → 𝐴

• 𝜋2 ∶ 𝑋 × 𝐴 → 𝐴

• 𝐶 ×𝐴 𝐷 → 𝐴



Slices of  categories with finite limits

If  𝒞 has finite limits, then so does 𝒞/𝐴.

There is a functor Δ𝐴 ∶  𝒞 → 𝒞/𝐴 given by 𝑋 ↦ 𝜋2 ∶ 𝑋 × 𝐴 → 𝐴 .

Or: 𝑋 ↦ 𝑋 𝑎 ∈ 𝐴 .



Adding syntax

If  𝑔 ∶ 𝐶 → 𝐴 and 𝑓 ∶ 𝐵 → 𝐴 are represented by 𝐶𝑎 𝑎 ∈ 𝐴  and 

𝐵𝑎 𝑎 ∈ 𝐴 , respectively, how should we interpret the following notation?

𝐶𝑎
𝐵𝑎 ∣ 𝑎 ∈ 𝐴

In the slice 𝒞/𝐴 of  a category 𝒞 with finite limits



Adding syntax

If  𝑔 ∶ 𝐶 → 𝐴 and 𝑓 ∶ 𝐵 → 𝐴 are represented by 𝐶𝑎 𝑎 ∈ 𝐴  and 

𝐵𝑎 𝑎 ∈ 𝐴 , respectively, how should we interpret the following notation?

𝐶𝑎
𝐵𝑎 ∣ 𝑎 ∈ 𝐴

The exponential of  𝑔 and 𝑓 in 𝒞/𝐴 (if  it exists!)

Recall: 𝑓 is exponentiable (in 𝒞/𝐴) if  the exponential 𝑔𝑓 exists for any 𝑔. In 

this case, we have a functor − 𝑓 ∶  𝒞/𝐴 → 𝒞/𝐴.

In the slice 𝒞/𝐴 of  a category 𝒞 with finite limits



Polynomial functors, finally!

Let 𝑓 ∶ 𝐵 → 𝐴 be an arrow in a category 𝒞 with finite limits. Assume 𝑓 is 

exponentiable in 𝒞/𝐴.

Write 𝑓 in the internal language of  𝒞/𝐴 as 𝐵𝑎 𝑎 ∈ 𝐴 . The polynomial 

functor 𝑷𝒇 associated to 𝒇 is:

𝒞 𝒞/𝐴 𝒞/𝐴 𝒞

𝑋 𝑋 𝑎 ∈ 𝐴 𝑋𝐵𝑎 𝑎 ∈ 𝐴 

𝑎∈𝐴

𝑋𝐵𝑎

Δ𝐴 Σ𝐴− 𝑓



The list polynomial?

A functor 𝑃 ∶  𝒞 → 𝒞 is polynomial if  𝑃 ≅ 𝑃𝑓 for some 𝑓 ∶ 𝐵 → 𝐴 (which 

must be exponentiable in 𝒞/𝐴).

So… is 𝐿 ∶ 𝑋 → 𝐿(𝑋) polynomial? 

𝑃𝑓: the polynomial functor associated to 𝑓

 𝐿(𝑋): list object on an object 𝑋



The list polynomial?

We claim 𝐿 𝑋 =              . That means 𝐿 ∶ 𝑋 ↦ 𝐿(𝑋) is isomorphic to the

polynomial functor associated to the arrow 𝑛 𝑛 ∈ ℕ  in 𝒞/ℕ.

• What is ℕ?

• What arrow 𝐸 → ℕ corresponds to 𝑛 𝑛 ∈ ℕ ?



𝑛∈ℕ

𝑋𝑛

𝐿(𝑋): list object on an object 𝑋
The polynomial functor associated to 𝐵𝑎 𝑎 ∈ 𝐴  is 𝑋 ↦ σ𝑎 𝑋𝐵𝑎



The list polynomial?

What arrow 𝐸 → ℕ corresponds to 𝑛 𝑛 ∈ ℕ ?

ℕ 0 1 2 3 ⋯

ℕ: an object which acts like the natural numbers

𝐸
⋯



The list polynomial?

What arrow 𝐸 → ℕ corresponds to 𝑛 𝑛 ∈ ℕ ?

𝐸 = 𝑚, 𝑛 ∶ 𝑚 < 𝑛

𝜋2
𝐸 ∶ 𝐸 → ℕ

𝑚

𝑛

2,0  2,1  2,2  2,3

1,0  1,1  1,2  1,3

0,0  0,1  0,2  0,3

ℕ: an object which acts like the natural numbers

ℕ 0 1 2 3 ⋯

𝐸
⋯



The list polynomial (supposedly)

We claim that 𝜋2
𝐸 ∶ 𝐸 → ℕ is exponentiable, and that the functor 𝐿 ∶ 𝑋 ↦ 𝐿(𝑋) 

is isomorphic to:

How do we prove this?
𝐿(𝑋): list object on an object 𝑋

ℕ: an object which acts like the natural numbers

𝜋2
𝐸 ∶ 𝐸 → ℕ is an arrow which intuitively satisfies 𝜋2

𝐸 −1 𝑛 = 1,2, … , 𝑛

𝒞 𝒞/ℕ 𝒞/ℕ 𝒞

𝑋 𝑋 𝑛 ∈ ℕ 𝑋𝑛 𝑛 ∈ ℕ 

𝑛∈ℕ

𝑋𝑛

Δℕ Σℕ− 𝜋2
𝐸



The right adjoints

Consider the decomposition 𝐿 = Σℕ ∘ 𝐿ℕ:

𝒞 𝒞/ℕ 𝒞/ℕ 𝒞
Δℕ Σℕ

− 𝜋2
𝐸

Σℕ 𝜋2
𝐸 × −

𝒞 𝒞/ℕ 𝒞
Σℕ𝐿ℕ ∶ 𝑋 ↦ 𝑙𝑒𝑛𝑔𝑡ℎ ∶ 𝐿 𝑋 → ℕ

𝑙𝑒𝑛𝑔𝑡ℎ ∅ = 0,

 𝑙𝑒𝑛𝑔𝑡ℎ 𝑥 ∷ ℓ = 𝑙𝑒𝑛𝑔𝑡ℎ ℓ + 1

𝐿(𝑋): list object on an object 𝑋
ℕ: an object which acts like the natural numbers

Σℕ ∶ 𝐴 → ℕ ↦ 𝐴,      Δℕ ∶ 𝑋 ↦ (𝜋2 ∶ 𝑋 × ℕ → ℕ)



In short:

To prove the list object functor is polynomial, we just need to show that 
 

𝐿ℕ ∶ 𝒞 → 𝒞/ℕ

                                   𝑋 ↦ 𝑙𝑒𝑛𝑔𝑡ℎ ∶ 𝐿 𝑋 → ℕ

is a right adjoint to

𝒞 𝒞/ℕ 𝒞/ℕ
Σℕ 𝜋2

𝐸 × −

𝐴 → ℕ𝐸 ×ℕ 𝐴



Basic strategy

We construct a natural transformation 𝜀𝑋 ∶ 𝐸 ×ℕ 𝐿 𝑋 → 𝑋 𝑋 (which will 

be the co-unit) and show it satisfies the appropriate universal property:

For every 𝑙𝐴 ∶ 𝐴 → ℕ and every 𝑔 ∶ 𝐸 ×ℕ 𝐴 → 𝑋,

there exists a unique ℎ ∶ 𝐴 → 𝐿 𝑋  such that

𝑙𝑒𝑛𝑔𝑡ℎ ∘ ℎ = 𝑙𝐴 and 𝜀𝑋 ∘ 𝐼𝑑 ×ℕ ℎ = 𝑔.



Requirements

We need to make the following assumptions about the category 𝒞:

• 𝒞 has all finite limits and list objects



Requirements

We need to make the following assumptions about the category 𝒞:

• 𝒞 has all finite limits and list objects

• 𝒞 is extensive, though we can weaken this assumption to the following:



In an extensive category with finite limits and list 
objects, the list object functor is polynomial



In an extensive category with finite limits and list 
objects, the list object functor is polynomial

Thanks for listening!
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